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Getting Started
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A LITTLE HISTORY

@ Connected Geometry (1993)
@ Mathematical Methods (1996). Both were

o Problem-based
o Student-centered
o Organized around mathematical thinking

@ But...

o Investigations needed closure
o Students needed a reference

@ Enter The CME Project (2003)
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THE CME PROJECT: BRIEF OVERVIEW

@ An NSF-funded coherent 4-year curriculum
@ Published by Pearson

@ Uses Texas Instruments handheld technology to support
mathematical thinking

@ Follows the traditional American course structure
@ Organized around mathematical habits of mind
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Getting Started
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THE HABITS OF MIND APPROACH

Mathematics constitutes one of the most ancient and noble
intellectual traditions of humanity. It is an enabling discipline for
all of science and technology, providing powerful tools for
analytical thought as well as the concepts and language for
precise quantitative description of the world around us.
It affords knowledge and reasoning of extraordinary
subtlety and beauty, even at the most elementary levels.

— RAND Mathematics Study Panel, 2002
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THE HABITS OF MIND APPROACH

What mathematicians most wanted and needed from me was
to learn my ways of thinking , and not in fact to learn my proof
of the geometrization conjecture for Haken manifolds.
— William Thurston
On Proof and Progress in Mathematics
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OUR FUNDAMENTAL ORGANIZING PRINCIPLE

The widespread utility and effectiveness of mathematics
come not just from mastering specific skills, topics,
and techniques, but more importantly, from developing
the ways of thinking—the habits of mind —used
to create the results.
—The CME Project Implementation Guide, 2008
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GENERAL MATHEMATICAL HABITS

(]

Performing thought experiments

(]

Finding and explaining patterns

@ Creating and using representations

@ Generalizing from examples

@ Expecting mathematics to make sense
@
N
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(o] le}

ALGEBRAIC HABITS OF MIND

@ Seeking regularity in repeated calculations

(]

“Chunking” (changing variables in order to hide complexity)
@ Reasoning about and picturing calculations and operations

@ Extending operations to preserve rules for calculating

(]

Purposefully transforming and interpreting expressions

@ Seeking and specifying structural similarities
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ANALYTIC/GEOMETRIC HABITS OF MIND

@ Reasoning by continuity

@ Seeking geometric invariants

@ Looking at extreme cases

@ Passing to the limit

@ Using approximation
o
N
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WHY WE APPLIED TO THE NSF

@ The field demanded a student-centered program with the
traditional American structure.

@ That structure allowed us to focus on habits of mind.

@ We wanted core involvement of the entire mathematical
community.

@ We had built up decades of experience with
classroom-effective methods.

@ We wanted a program that helped students bring
mathematics into their world.

@ We wanted a program with high expectations for students
and teachers. o

... this led to additional core principles.
5 P



Getting Started
o] o)

ADDITIONAL CORE PRINCIPLES

@ Textured emphasis. We focus on matters of mathematical
substance, being careful to separate them from convention
and vocabulary. Even our practice problems are designed
so that they have a larger mathematical point.

@ General purpose tools. The methods and habits that
students develop in high school should serve them well in
their later work in mathematics and in their post-secondary
endeavors.

@ Experience before formality. Worked-out examples and
careful definitions are important, but students need to
grapple with ideas and problems before they are brought to

@
closure.
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ADDITIONAL CORE PRINCIPLES, CONTINUED

@ The role of applications. What matters is how
mathematics is applied, not where it is applied.

@ A mathematical community.  Our writers, field testers,
reviewers, and advisors come from all parts of the
mathematics community: teachers, mathematicians,
education researchers, technology developers, and
administrators.

@ Connect school mathematics to the discipline. Every
chapter, lesson, problem, and example is written with an
eye towards how it fits into the landscape of mathematics
as a scientific discipline. @
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DESIGN PRINCIPLES

STRUCTURE OF EACH BOOK

@ Low threshold, high ceiling
e Each book has exactly eight chapters
e Problem sets, investigations, and chapters build from easy
access to quite challenging
@ Openings and closure

@ Getting Started
o Worked out examples
e Definitions and theorems are capstones, not foundations

@ Coherent and connected
@ Recurring themes, contexts, and methods
e Small number of central ideas
@ Stress connections among algebra, geometry, analysis, o
and statistics e
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DESIGN PRINCIPLES

CONSISTENT DESIGN ELEMENTS

Minds in Action

In-Class Experiment

For You to Do

Developing Habits of Mind
Projects

Sidenotes

Orchestrated problem sets
Technology support

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
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THE CHOICES AGAIN

Mining the tables of arithmetic
Algebra word problems

Graphing

Factoring

Fitting functions to tables

Monthly payments on a loan

Finding polynomials that agree with tables
Area formulas

Geometric invariants

Regression lines

Trig identities and complex numbers
Tangents to graphs

®© 6 ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
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Mining the Tables of Arithmetic Algebra Word Problems  Graphing Factoring Recursive and Closed Forms  Monthly Payments

MULTIPLICATION

0 12 .24 3 48 60 72 8 9% 108 120 132 144
0 " 3B 4 5 66 77 8 Mo 121 132
0 10 30 40 5 60 70 8 100 110 120
0 9 18 27 3% 4 54 63 72 8 9 9O 108
0 8 16 24 32 40 48 5 64 72 8 8
0 7 14 21 28 3 42 49 5% 6 70 77
0 6 12 18 24 30 36 42 48 5 60 66 72
0 5 10 15 20 25 30 35 40 45 5 55
0 4 8 12 16 20 24 28 36 40 4
0 3 6 9 12 15 18 21 24 27 30 3B
0 2 4 6 8 10 12 14 16 18 20 2 24
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Algebra Word Problems

WORD PROBLEMS

The dreaded algebra word problem

Mary drives from Boston to Chicago, and she travels at an
average rate of 60 MPH on the way down and 50 MPH on the
way back. If the total trip takes 36 hours, how far is Boston from
Chicago?
Why is this so difficult for students?
@ Reading level

@ Context
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Algebra Word Problems

WORD PROBLEMS

But there must be more to it. Compare. ..

Mary drives from Boston to Chicago, and she travels at an average
rate of 60 MPH on the way down and 50 MPH on the way back.
If the total trip takes 36 hours, how far is Boston from Chicago?

with

Mary drives from Boston to Chicago, and she travels at an average
rate of 60 MPH on the way down and 50 MPH on the way back.

If Boston is 1000 miles from Chicago, how long did the trip take?

“The difficulty lies in setting up the equation, not solving i t” ™

<

$is Tews PEARSON
INSTRUMENTS =



Algebra Word Problems

WORD PROBLEMS

This led to the Guess-Check-Generalize method:

@ Take a guess, say 1200 miles.

@ Checkit:
° %:20
o 1200 _ 24
e 20+ 24 +£ 36

@ That wasn’t right, but that's okay—
just keep track of your steps.

@ Take another guess, say 1000, and check it:

1000 1000 - o
60 + 50 =36 e
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Algebra Word Problems

WORD PROBLEMS

@ Keep it up, until you get a “guess checker”

guess  guess 2
=36
60 = 50
@ The equation is
X X
50 + 50 = 36
o
N
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Algebra Word Problems

WORD PROBLEMS
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Graphing

GRAPHING

Graph
16x% — 96 x + 25y2 — 100y — 156 = 0

_ 2 _22
16x2—96x+25y2—100y 156 =0 = X =3 V=2

25 16
(x—37 (-2
25 16

=1=
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Graphing

GRAPHING
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25

Is (7.5,3.75) on the graph?
This led to the idea that “equations are point testers.”



Graphing

GRAPHING

EQUATIONS OF LINES

Why is “linearity” so hard for students?
@ The general problem with the “Cartesian connection”
@ Slope is quite subtle

Slope is defined initially between two points: m(A, B)

Basic assumption: A, B, and C are 4 /
collinear < m(A,B) = m(B, C) ’
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Graphing

GRAPHING

EQUATIONS OF LINES

What is the equation of the line /¢ that goes through
R(—2,4) and S(6,2)?

\R(_Z!Q\PV
T S(6,2)
&
Try some points, keeping track of the steps. .. | Do)
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Graphing

GRAPHING

EQUATIONS OF LINES

episode 14

Sasha and Tony are trying to find the equation of the line ¢ that goes
through points R(—2, 4) and S(6, 2).

Sasha  To use a point-tester, we first need to find the slope between
RandS.
Tony goes to the board and writes

_2-4 -2 _ _1
mRO =" (2 =8 - %
g — 1
Its — 4. -

Sasha  Okay. Now, we want to test some point, say P. We want to see It doesn’t matter which
whether the slope between that point and one of the first two, point you choose as the
say R, is equal to — % . Ifitis, that point is on ¢. So our test is base point. Either point R

2 1 or point S will work.
m(P,R) £ — T
ey
y§’
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Graphing

GRAPHING

EQUATIONS OF LINES

@ TestP = (7,2):
Let’s see how Tony and Sasha finish this problem.
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Graphing

GRAPHING

EQUATIONS OF LINES

Let’s guess and check a point first, like P(7, 2). Tell me
everything you do so I can keep track of the steps.

Sasha Well the %lope between P(7,2) and R(—2, 4) is m(P,R) =
ﬁ T = — % This slope is different, so Pisn't on €.
Maybe we should use a variable point.

How do we do that?

Sasha A point has two coordinates, right? So use two variables.
Say Pis (x, ). <

y—-4 _ y—4 Notice how Sasha
Then the slg[le fromPto Ris m(P, R) = x-(2  x+2° switches to letters.
The test is Y52 = 4 . She uses x for point P's

x-coordinate. She
uses y for point P's
y-coordinate.

So, that must be the equation of the line ¢.
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Graphing

GRAPHING

EQUATIONS OF LINES

So, the equation of £ is

y-4_ 1

X+2 4
or

X+4y =14

After this, there is a lesson called Jiffy Graphs where students
develop “automaticity.”
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FACTORING IN ALGEBRA 1

Factoring monic quadratics:
“Sum-Product” problems

x? +14x + 48

(x +a)(x+b)=x2+(a+b)x+ab

so...
Find two numbers whose sum is 14 and whose product is 48.

(X +6)(x +8)
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FACTORING IN ALGEBRA 1

What about this one?

49x? + 35X + 6

49x? + 35x 4+ 6 = (7x)?> +5(7x) + 6

— &’ +5h+6
= (&% +3)(d+2)
=(7x+3)(7Tx +2)
9
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FACTORING IN ALGEBRA 1

What about this one?

6x2 + 31x + 35

6(6x2 4 31x + 35) = (6x)? + 31(6x) + 210
— &+ 31&% + 210
= (& +21)(&% + 10)
= (6x + 21)(6x + 10)
=3(2x +7)-2(3x +5)
6(2x +7)(3x +5) so...

6(6x2 + 31x 4 35) = 6(2x + 7)(3x + 5)
B e



FACTORING IN ALGEBRA 1

What about this one?

6x2 + 31x + 35

6(6x2 4 31x + 35) = (6x)? + 31(6x) + 210
— &+ 31&% + 210
= (& +21)(&% + 10)
= (6x + 21)(6x + 10)
=3(2x +7)-2(3x +5)
6(2x +7)(3x +5) so...

B(6x2 + 31x + 35) = B(2x + 7)(3x + 5)
B e



FACTORING IN ALGEBRA 1

What about this one?

6x2 + 31x + 35

6(6x2 4 31x + 35) = (6x)? + 31(6x) + 210
— &+ 31&% + 210
= (& +21)(&% + 10)
= (6x + 21)(6x + 10)
=3(2x +7)-2(3x +5)
6(2x +7)(3x +5) so...

6x%2 4 31x +35 = (2x +7)(3x +5)
B e



FACTORING IN ALGEBRA 2

The number of factors over Z of x" — 1 as a function of n.

| number of factors of x" — 1

O ONOO| O B|WN| |3
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FACTORING IN ALGEBRA 2

The number of factors over Z of x" — 1 as a function of n.

n \ number of factors of x" — 1

1 1

2 2

3 2

4

5

6

7

8

9 9
N
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FACTORING IN ALGEBRA 2

The number of factors over Z of x" — 1 as a function of n.

n \ number of factors of x" — 1

1 1

2 2

3 2

4 3

5 ?

6

7

8

9 9
N
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FACTORING IN ALGEBRA 2

The number of factors over Z of x" — 1 as a function of n.

| number of factors of x" — 1
1

O ONOO| O B|WN| |3
NI NI BINWINN
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FACTORING IN ALGEBRA 2

The number of factors over Z of x" — 1 as a function of n.

n \ number of factors of x" — 1

1 1

2 2

3 2

4 2

5 2

6 4

7 2

8 4

9 3 o

Conjectures? ... e
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FACTORING IN ALGEBRA 2

Things that have come up in class:

@ There are always at least two factors:

X" —1=(x 1"t x"2 4 4 xZEx +1)

@ If nis odd, there are exactly two factors (but look at n = 9)
@ OK...if nis prime , there are exactly two factors

@ If n = p?, there are three factors (ex: x° — 1)

@ If n = pq, there are four factors (ex: x°> — 1)

@ A general conjecture gradually emerges [ e
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FACTORING IN PRECALCULUS

The CMP Factor Game

1123 |4]|5

6 |78 |9 |10
11 112 |13 | 14| 15
16 {17 |18 | 19 | 20
2112212324 |25
26 |27 |28 |29 |30
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FACTORING IN PRECALCULUS

The CME Project Factor Game

X—1| x2—-1| x3—-1| x*—-1] x°-1

x8—1| x"—1] x8B—-1] x2®—1|x¥0_1
Xll_l X12_1 X13_1 Xl4_1 X15_1

X16_1 X17_1 X18_l X19_1 X20_1

XZl_l X22_1 X23_l X24_1 X25_1

X26_1 X27_1 X28_1 X29_1 X30_1
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FACTORING IN PRECALCULUS

Things that have come up in class;
@ “It's the same as the middle school factor game.”
@ if mis a factor of n, x™ — 1 is a factor of x" — 1

I
TN TN
X
w
|
=
—
~~
X
©
_|_
X
()]
_|_
X
w
_|_
=
~—
(4]

$is Tews PEARSON
INSTRUMENTS =



FACTORING IN PRECALCULUS

@ If x™ —1is afactor of x" — 1, mis a factor of n

This is much harder. We approach it through De Moivre’s
theorem and with roots of unity: complex numbers that are
the roots of the equation

x"-1=0
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Recursive and Closed Forms

FITTING FUNCTIONS TO TABLES

In Algebra 1

Find functions that agree with each table:

Input: n | Output Input: n | Output

0 3 0 1

1 8 1 2

2 13 2 5

3 18 3 10

4 23 4 17
5
N
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Recursive and Closed Forms

FITTING FUNCTIONS TO TABLES

In Algebra 1 and Algebra 2

Build a calculator model of a function that agrees with the table:

Input: n | Output
0 3 @ f(n)=5n+3
1 8
2 13 o g =13 ifn=0
3 18 = gn—-1)+5 ifn>0
4 23
Question:
?
f=g9 o
N
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Recursive and Closed Forms

FITTING FUNCTIONS TO TABLES

In Precalculus

.
f(n)=5n+3  and g(n):{3 tn=0

g(n—1)+5 ifn>0
OK. f(254) = g(254). Is f(255)=g(255)?

g(255)

g(254)+5 (this is how g is defined)

(254) +5 (CSS)
=(5-254+3)+5 (thisis how f is defined)
(5-254+5)+3 (BR)

=5(254+1)+3 (BR)
= 5(255) + 3 (arithmetic)
= f(255) (this is how f is defined) &
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Recursive and Closed Forms

FITTING FUNCTIONS TO TABLES

In Precalculus

.
f(n)=5n+3  and g(n):{3 tn=0

g(n—1)+5 ifn>0
OK. Suppose f(321) = g(321). Is f(322)=g(322)?

g(322)

g(321)+5 (this is how g is defined)

(321) +5 (CSS)
=(5-321+3)+5 (thisis how f is defined)
(5-321+5)+3 (BR)

=5(321+1)+3 (BR)
=5(322) +3 (arithmetic)
= f(322) (this is how f is defined) &
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Recursive and Closed Forms

FITTING FUNCTIONS TO TABLES

In Precalculus

.
f(n)=5n+3  and g(n):{3 tn=0

g(n—1)+5 ifn>0
OK. Suppose f(n — 1) =g(n —1). Isf(n)=g(n)?

gin) =g(n—1)+5 (this is how g is defined)
=f(n—-1)+5 (Css)
=(5(n—1)+3)+5 (thisis how f is defined)
=(5(n-1)+5)+3 (BR)
=5n-1+1)+3 (BR)
=5n+3 (arithmetic)
= f(n) (this is how f is defined) &
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Monthly Payments

MONTHLY PAYMENTS ON A LOAN

Suppose you want to buy a car that costs $10,000.
You don’t have much money, but you can put $1000
down and pay $350 per month. The interest rate is
5%, and the dealer wants the loan paid off in three
years. Can you afford the car?

This leads to the question

“How does a bank figure out the monthly payment on a loan?”

or
“How does a bank figure out the balance you owe o
at the end of the month?” —
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Monthly Payments

MONTHLY PAYMENTS ON A LOAN

Take 1

What you owe at the end of the month is what you
owed at the start of the month minus your monthly
payment.

b(n.m) = 9000 ifn=0
" Ib(n—1,m)—m  ifn>0
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Monthly Payments

MONTHLY PAYMENTS ON A LOAN

Take 2

What you owe at the end of the month is what you
owed at the start of the month, plus % of the yearly
interest on that amount , minus your monthly

payment.
9000 ifn=20
b(na m) = 05 .
b(n—1,m) +zb(n—1,m) —m ifn>0
Students can then use successive approximation to find m so
that
b(36,m) =0 i
N
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Monthly Payments

MONTHLY PAYMENTS ON A LOAN

Except...
b(4)= b(3)+— «b(3)-250

TN

b(2)+ -%5 -b(2)-250 b(2)+ -Tz -b(2)-250
v N v N\

It takes too much !$#& work.
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Monthly Payments

MONTHLY PAYMENTS ON A LOAN

Take 3: Algebra to the rescue!

9000 ifn=0
b(nv m) = .05 .
b(n—1,m)+gzb(n—1,m)—m ifn>0
becomes
=
b(n, m) 9000 N | n=20
(1+)b(n—1,m)—-m ifn>0
Students can now use successive approximation to find m so
that ™
b(36,m) =0 [ i
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Monthly Payments

MONTHLY PAYMENTS ON A LOAN

Project: Pick an interest rate and keep it constant. Suppose
you want to pay off a car in 24 months. Investigate how the
monthly payment changes with the cost of the car:

Cost of car (in thousands of dollars) | Monthly payment
10
11
12
13
14
15
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Monthly Payments

MONTHLY PAYMENTS ON A LOAN

Cost of car (in thousands of dollars) | Monthly payment
10
11
12
13
14
15

Describe a pattern in the table. Use this pattern to find either a
closed form or a recursive rule that lets you calculate the

monthly payment in terms of the cost of the car in thousands of
dollars. Model your function with your CAS and use the model @
to find the monthly payment on a $26000 car. | i
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MONTHLY PAYMENTS ON A LOAN
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Monthly Payments

MONTHLY PAYMENTS ON A LOAN
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losed Forms  Monthly Payments

hing Factoring R
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Monthly Payments

MONTHLY PAYMENTS ON A LOAN

Students can use a CAS to model the problem generically: the
balance at the end of 36 months with a monthly payment of m
can be found by entering

b(36,m)

in the calculator:

But why is it linear?
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Monthly Payments

MONTHLY PAYMENTS ON A LOAN

But why is it linear?

Suppose you borrow $12000 at 5% interest. Then you are
experimenting with this function:

(. m) — § 12000 ifn=0
@+ %) bn-1,m)-m  ifn>0

Notice that

05 12.05

12 12

Call this number g. So, the function now looks like:

1+

12000 ifn=0 o
g-b(n—1,m)—m ifn>0 e

b(n,m) = {

where q is a constant (chunking, again). Y R



Monthly Payments

MONTHLY PAYMENTS ON A LOAN

Then at the end of n months, you could unstack the calculation
as follows:

b(n,m) =q-b(n—1,m)—m
=q[q-b(n—2,m)-m]-m
=g%-b(n—2,m)—gm—m
=q%[q-b(n—3,m) —m] —gm —m
=qg3-b(n—3,m)—g’m—-gm—-m

=q"-b(0,m)—g" tm—-g"?m—--- —g’m—gm-m
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Monthly Payments

MONTHLY PAYMENTS ON A LOAN

Precalculus students know (very well) the “cyclotomic identity:”

q" -1
q-1

n—2

Q" +g" i+ 0P g+ l=

Applying it, you get

b(n,m)=12000-q" —m(q"" 1 +q" 2+ .-+ g%+ q+1)

n —_
— 12000¢q" - m3—1
qg-1
Setting b(n, m) equal to 0 gives an explicit relationship o
between m and the cost of the car. .. y
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Monthly Payments

MONTHLY PAYMENTS ON A LOAN

_ (@-1)q"
m = 12000 g1
or, in general,
_ n
monthly payment = cost of car x (qqni_l)lq

where n is the term of the loan and

n interest rate
12
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Polynomials Fits

MAKINGIT FIT

Input | Output

OO W N -
=
=
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Polynomials Fits

MAKINGIT FIT

Input | Output

\I
NININ|ININN| >

OO W N -
=
=
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Polynomials Fits

MAKINGIT FIT

What about this one?

Input | Output | A | A?

0 1 —-3| 6

1 -2 3 6

2 1 9 6

3 10 15| 6

4 25 21 | 6

5 46 27

6 73
)
N
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Polynomials Fits

MAKINGIT FIT

What about this one?

Input | Output | A | AZ | A3

1 -1 12 | 26 | 12

2 11 38 | 38 | 12

3 49 76 | 50 | 12

4 125 | 126 | 62 | 12

5 251 | 188 | 74

6 439 | 262

7 701 o
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Polynomials Fits

MAKING IT FIT

WHAT ABOUT this ONE?

~| w| |
1
=
»
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Area Formulas

AXIOMS FOR AREA

@ If you translate, rotate, or reflect a figure, its area doesn’t
change (“area is invariant under rigid motions”).

@ If you cut up a figure into a finite number of pieces and
rearrange the pieces, its area doesn’t change (“area is
invariant under finite dissections”).

@ The area of a rectangle of dimensions b and h is bh.

From here. ..



Area Formulas

THE PARALLELOGRAM

/|
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Area Formulas

THE TRAPEZOID

$is Tews PEARSON
INSTRUMENTS =



Area Formulas

THE TRAPEZOID

So,

and



Area Formulas

THE TRAPEZOID

L7 / l_)
/“‘/r = s
, Y 4 So,
)/ rLf, : ; h
A = (by +Db2) <—>
2
@
h/; / m
kT IS
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Area Formulas

THE TRAPEZOID
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Area Formulas

THE TRAPEZOID

So, a class could come up with at least three expressions for
the same area A:

%((b1+b2)h), (b1+b2)<g>, and <b1;b2>h

All of these are equivalent. ..
@ by algebra
@ by geometry

Also, what happens to the geometry and the algebra in each of
these expressions as b, — 0?
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Area Formulas

FROM HERE

@ Students prove that the cuts “work”:

G
b

@ The area formulas for all the usual polygons are obtained
by “cutting” the polygons into rectangles, keeping track of

dimensions.
@ Take it Further: If two polygons have the same area, are
they “scissors congruent?” o
N
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Geometric Invariants

AN EXAMPLE FROM GEOMETRY
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Geometric Invariants

WHAT KIDS CAN DO.
— R s

CowBoYS EDGE SAINTS, 24-16; E. SMITH HurT, 1C

SUN

SOMETHING NEW IN A TRLANGLE

Patapsco High
student's hunch
points to theorem

MORGAN'S
CONJECTURE

Developed by Ryan Morgan,
15, of Vataiacy High
school

N

i1t sides of » rtangtc
sected, wnd n represenis
m\\ S g P B

T TSR, ST P ‘and segments ere drawm
ed many daysaiter school n the somputer lab to o ~onrone oo
ure. which is disg

pains, « heen.
e W e of
shaded areal. Ther

THEOREM |54 o :
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Geometric Invariants

GEOMETRY AND ANALYSIS

EXAMPLE: INVARIANTSIN TRIANGLES

C
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Regression Lines

REGRESSION LINES

Here is some made-up data:
Input | Output

1 3
2 4.5
3 8.1
4 8
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Regression Lines

REGRESSION LINES

Here’s a useful image to build in
your head: Imagine that you have
a “moveable” line on the scatter
plot, one that you can control (with
a mouse, say). As the line moves,
some sticks grow in length, while
others shrink. If you keep track of
the sum of the squares of the
lengths of the sticks, you could fine
tune the line and adjust it to make
the badness small. @
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Regression Lines

REGRESSION LINES

Of all lines with slope 3, which is “best?”
Datavs. Line Fit: y =3x+Db

Input | Output | Predicted: \ Error:

1 3 | 3.1+b=3+b 3-(3-1+b)=-b

2 45 | 3.2+b=6+b |45—(3-2+b)=-15-b
3 81 | 33+b=9+b | 81-(3-3+b)=-9-b
4 8 |3.4+b=12+b| 8-(3-4+b)=—-4-D

So, we want to minimize

(—=b)? + (1.5 -Db)? + (—.9 — b)*> + (4 — b)?

Ah...This is a quadratic in b. And we know how to o
minimize a quadratic ol
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Regression Lines

REGRESSION LINES

This simplifies (by hand or CAS) to:
4b? 4 12.8b +19.06

So, the minimum value is when

~12.8
b=—""=-16
2.4

So, of all lines with slope 3, the best one has equation

y=3x—-16
S , o
Play the same game with different slopes, and you find a rva
certain rhythm to the calculations. <
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Regression Lines

REGRESSION LINES

Slope Badness Minimizing value of b
0 158.86 — 47.2b + 4 b? 5.9
1 52.26 — 27.2b + 4b? 34
2 5.66 —7.2b +4b? 9
3 19.06 + 12.8b + 4b? -16

...And a surprise. ..
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Regression Lines

REGRESSION LINES

Slope | Equation of best line | y-intercept | A

0 y =5.9 59| -25
1 y=Xx-+34 36| -25
2 y=2x+.9 9| -25
3 y=3x—-16 -16| -25
4 y =4x — 4.1 —4.1
The y-intercept seems to depend linearly on the slope:
b=59-25m
What does this say geometrically? &
N
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Regression Lines

REGRESSION LINES

PEARSON
s I —




Regression Lines

REGRESSION LINES

From Here...

@ The y-intercept seems to depend linearly on the slope:
b=59-25m

@ The point of concurrency seems to be (2.5,5.9)
@ And (2.5,5.9) is the centroid of the data

All this can be established via a careful analysis of algebraic
calculations that ramp up to full generality. And then,
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Regression Lines

REGRESSION LINES

@ Students develop an algorithm for finding the best line
(of any slope), and

@ This algorithm is encapsulated into a formula for the line of
best fit.
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Trig Identities & C

TI&C

When you multiply two complex numbers, you multiply the
lengths and add the angles:

|lzw| = |z| |w| and

arg(zw) = arg(z) + arg(w)
The usual proof of this involves the addition
formulas for sine and cosine. e, [



Trig Identities & C

TI&C

But there’s another way. . .

A

wz = az + (bi)z, and
@ Multiplying z by a scales
it by a factor of |a|, and
@ Multiplying z by bi
Vi rotates it 90° and scales
y it by a factor of |b].

w=a+bi
< el >
@\ Both of these facts can be
established by analytic
geometry. »
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TI&C

(a+bz=wz

A
az
biz
w=a+ bi
. x b N
a
~
Y

S ’
z=az+bhz o Tmenrs



Trig Identities & C

TI&C

(a+bi)z=wz

iz

The black triangles are
similar (SAS) with scale

bis factor |z|, so the black angles
at the origin are congruent.

w=a+ bi
i

[

v $is Tews PEARSON
InsTRUMEnTs | EE—



Trig Identities & C

TI&C

So, if
z = r(cosf+isind)
w = s(cosa+isina)
then
|lzw| = rs and
arg(zw) = 0+«
SO

zw = rs(cos(f + a) +isin(f + «))
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Trig Identities & C

TI&C

N
|

r(cos 6 +isinf)
w = s(cosa+isina)

By geometry,
zw = rs(cos(f + a) +isin(f + «))
But, by algebra,
zw =rs(cosf cosa — siné sina) + i (cosf sina + sinf cos )

So...

cos(f + «) cosf cosa —sinf sin« &
sin(f + «) = cosf sina+sinf cosa sl
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TI&C

This means that we can use the algebra of complex numbers to
get the addition formulas for sine and cosine, as nature
intended. And it means that we can (legally) use the algebra of
complex numbers to establish and derive trig identities.

Wow.
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Trig Identities & C

TI&C

For example, what's cos 75?2
Well,

(coserisinz) (coserisinz) cos7—+|sm7—
4 4 3 3 12 12

So,
V2 V) [1 V3 7 7
<7+|7 §+|7 (COSE—HSIHE)
So,
cos7—7T M and (even) sm7—7T V2+ V6 #
12 4 12 4 | F
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Tangents to Graphs

TANGENTS TO GRAPHS

@ What does it mean to say that a line is tangent to the graph
of the equation y = x3 — x + 1 (or any other equation)?

4|7 [
I“ J/:P —r+1

]
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Tangents to Graphs

TANGENTS TO GRAPHS

@ How do you imagine a line tangent to the graph of
y =x3 —x +1at, say, (1,1).
@ What does the algebra say?
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Tangents to Graphs

TANGENTS TO GRAPHS

@ (x —1)(x —2) = x2 — 3x + 2, a quadratic, so
@ the remainder when f(x) is divided by (x — 1)(x — 2) is a
linear polynomial, r(x)

x3-x+1 = x?2-3x+2 - something + (ax +b)
T T 1 T T
fix) = x-1x-2) - akx) + rx)

@ Also, r(1) =f(1)and r(2) =1(2),
@ so the equation of the secant if the graph of y = f(x)
betweenx =landx =2isy = r(x).
@ We can find r(x) by hand... or with a little help from a
friend.
B e



Conclusion
[ ]

FOR MORE INFORMATION

@ For more information, including this presentation, go to

www.edc.org/cmeproject

@ To request samples of our assessment resources, contact

cmeproject@edc.org
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