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NEAT STUFF ABOUT UNIT FRACTIONS
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Getting Started
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Are there any rectangles

whose area and perimeter have the same numerical value?



Getting Started
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o 1
Can you write 3

as the sum of two “unit fractions”?
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Common Core and unit fractions
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A BASIC ENGINE FOR PROGRESS IN MATHEMATICS

@ Ask a second grader “What is 3?”
@ Ask a high school sophomore “What is cosine?”

@ Ask a calculus student “What is the derivative?”

@ The methods of one generation become the objects of
study for the next.
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A BASIC ENGINE FOR PROGRESS IN MATHEMATICS

@ Ask a second grader “What is 5?"
@ As a high school sophomore “What is cosine?”

@ As a calculus student “What is the derivative?”

generation
@ The methods of one grade levebecome the objects of
study for the next.

@ And the path from method to object is slow,
non-sequential, and two-way.



Common Core and unit fractions
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3.NF.1. Understand a fraction 1/b as the quantity formed by 1
part when a whole is partitioned into b equal parts; understand
a fraction a/b as the quantity formed by a parts of size 1/b.



Common Core and unit fractions
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The importance of specifying the whole

Without specifying the whole it is not reasonable to ask what
fraction is represented by the shaded area. If the left square is
the whole, the shaded area represents the fraction %; if the
entire rectangle is the whole, the shaded area represents %.



Common Core and unit fractions
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3.NF.2. Understand a fraction as a number on the number line;
represent fractions on a number line diagram.

A Represent a fraction 1/b on a number line diagram by
defining the interval from 0 to 1 as the whole and
partitioning it into b equal parts. Recognize that each part
has size 1/b and that the endpoint of the part based at 0
locates the number 1/b on the number line.

B Represent a fraction a/b on a number line diagram by
marking off a lengths 1/b from 0. Recognize that the
resulting interval has size a/b and that its endpoint locates
the number a/b on the number line.



Common Core and unit fractions
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The number line

The number line marked off in thirds

0 1 2 3 4
0 123 456 7 8 9 101112
3 3 3 3 3 3 3 3 3 3 3 3 3



Common Core and unit fractions
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4.NF.3. Understand a fraction a/b with a > 1 as a sum of
fractions 1/b.

A Understand addition and subtraction of fractions as joining
and separating parts referring to the same whole.

B Decompose a fraction into a sum of fractions with the
same denominator in more than one way, recording each
decomposition by an equation. Justify decompositions,
e.g., by using a visual fraction model.

¢ Add and subtract mixed numbers with like denominators,
e.g., by replacing each mixed number with an equivalent
fraction, and/or by using properties of operations and the
relationship between addition and subtraction.
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Representation of % + % as alength

4 4 4
1 1 1

2 8
3 5
Using the number linetoseethat 3 =21 +1 41,11
Segment
of length
1
3
0o 1 2 3 4

53egmentsputendtoend\%:%+l+%+%+l



Common Core and unit fractions
000000e000000000000

GIEN;
+
ol s
I
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THE SAME IDEA IS USED LATER FOR EXPONEITATION




Common Core and unit fractions
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4.NF.4. Apply and extend previous understandings of
multiplication to multiply a fraction by a whole number.

A Understand a fraction a/b as a multiple of 1/b.

B Understand a multiple of a/b as a multiple of 1/b, and use
this understanding to multiply a fraction by a whole number.
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7 1 11 1
_=7xZ S =11x =
5- "5 3 "3
1 1 6
3x - as 3X<2X_>_(3XZ)X§_6X§_§
3><g as E+E+E_3X2_§
5 5 5 5



Common Core and unit fractions
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4.NF.5. Express a fraction with denominator 10 as an
equivalent fraction with denominator 100, and use this
technique to add two fractions with respective denominators 10
and 100.

4 NF.6. Use decimal notation for fractions with denominators 10
or 100.
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3 3x10 30
10 10x10 100

3 27 30 27 57

10 + 100 100 + 100 100




Common Core and unit fractions
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5.NF.1. Add and subtract fractions with unlike denominators
(including mixed numbers) by replacing given fractions with
equivalent fractions in such a way as to produce an equivalent
sum or difference of fractions with like denominators.

5.NF.2. Solve word problems involving addition and subtraction
of fractions referring to the same whole, including cases of
unlike denominators, e.g., by using visual fraction models or
equations to represent the problem. Use benchmark fractions
and number sense of fractions to estimate mentally and assess
the reasonableness of answers.
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Using a fraction strip to show that % + % = %
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Common Core and unit fractions
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5.NF.3. Interpret a fraction as division of the numerator by the
denominator (a/b = a = b). Solve word problems involving
division of whole numbers leading to answers in the form of
fractions or mixed numbers, e.g., by using visual fraction
models or equations to represent the problem.



Common Core and unit fractions
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How to share 5 objects equally among 3 shares:
5+-3=5x % = g

oo 2%
» e T
® »

If you divide 5 objects equally among 3 shares, each of the 5
objects should contribute % of itself to each share. Thus each

share consists of 5 pieces each of which is % of an object, and
so each share is 5 x 3 = 2 of an object. <
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5.NF.4. Apply and extend previous understandings of
multiplication to multiply a fraction or whole number by a
fraction.

A Interpret the product (a/b) x q as a parts of a partition of g
into b equal parts; equivalently, as the result of a sequence
of operations a x q + b.
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Using a fraction strip to show that 2 x 3 = 1

(c) 6 parts make one
whole, so one partis

AN

N N7

(b) Divide the (a)Divide }into 3 of
other 3 into 3  3equal parts
equal parts

1
6

Nl



Common Core and unit fractions
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Using a number line to show that 2 x 3 = 223

(c) There are 5 of the
3, o the segments to-

ether make 5 x (2 x
(b) Form a seg- g 2%5 (

L) =2x5
ment from 2 parts, 3x2) = 3x2

making 2 x 71
N 2
e — =

.
o[/t 2 &z 42 s
2 2 2 2 2 2

(a) Divide each 1 into

3 equal parts, so (iach

io 1 1_
part|S§ X§_3X2
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A standard football field is 100 yards long from end zone to end
zone. Vince measures a field and finds that it is five feet shorter
than a standard field. How long is the shorter field?
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Adding and Subtracting Fractions

t fractions with like and

In this lesson, you will learn (o add and sulby
unlike denominators.

episode 2

Tony and Sasha work on Exercise 13 from Lesson 1,12,
A standard foorball field is 100 yards long from end zone (o end
zone, Vince measures a field and finds that it is five feet sharter
than a standard field, How long is the shorter ¢

Tony ['ve ot the answer. [f's 295 feet.

Sasha  Two hundred ninety-five? [ got 95. That sevimns fine to me.

Tony Nuo, the answer is definit 295 feet.

Sasha  How can the field be 295 feet long? The regular field is 100 yards

Oh, Tsee. You got 295 feet. Now 1 see what | did wrong,
‘lo find the length of the shorter field, you can write this 100 yards
subtraction. When Sasha subtracts the numbers, the 5 feet

calculation does not make sense. The units are not the same!




Common Core and unit fractions

[e]e] le]e}

‘There are two ways to change the units. You can co

verl 300 feet

100 yards to feet, or convert 5 feel to _wl'd.s_ Converting 5 feel There are three feet
vards (o feet gives you this subtraction problem. feet in a yard, so 100 yards

, : " equal 300 feet. You can
You can use this method to add and i:‘ubn_‘;u‘f' fractions, 2 thirds also convert 5 feet to r;
For example, you can write the sum £ + ¢ like this. You + 1 filth vards. Then subtract that
need to convert the denominators of both fractions to a amount from 100 yards,

commaon unit. The result is in yards,

instead of feet,
Here are some wavs (o wrile £ as an e

4

ivalent fraction,

Here are some equivalent tractions for 4
- 2 1 4 |
F i (] R 5 20 <
J ' Fitteenths s the lowest

possible match, or least
common denominator

to ten fifteenths, and one fifth is equivalent to three
" P ¥ What other matches
have a commaon unit, you can find the sum. L
. are passible?

L0 fifteenths 2 1 1 e
iy | 15 5
) fifteenths |

13 fifteenths |
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“UNIT” EXPRESSIONS

5. Simplify.

adix+2—-(x+ 32
b. 2(x + 2 x+ 21 +4ix + 2 Hx + 2)
C2x+2)—-(x+2)+4dix+2)—Ux+ 2 +6lx+ 2 - 5x+2)
d2x+ 2 —-(x+ 2 +4lx+2)—-Hx+ 2 +6ix+ 2

Blx+ 2 +8x+21-Tix+ 2
e2ix+2)—-(x+ 2 +4ix+2)-Ux+ 2 +6lx+ 2

ix + 2 +8x+2)—-Tix+ 2+ 10ix + 2) — 9(x + 2)

f. Ewvaluate each simplified expression for x 2_What is the pattern in
yioaur results? Explain.

N
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Are there any rectangular boxes

whose surface area and volume have the same numerical value?
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“UNIT” BASES
325 = 7-46+3
v
46 = 7-64+4
v
6 = 7-0+6
So

325 = 3+ 7(46)
=3+7(4+7-6)
=3+7-4+7%-6



Up a notch
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“UNIT” POLYNOMIALS

Write

f(x) =x*-5x34+3x -1

in terms of the “unit” x — 3



Up a notch
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“UNIT” POLYNOMIALS

HEMEB X MR

polyRemainder {:x4*5-x3+3-xf 1 ,X*S::l 46
polyQuotient H:x4 —5-x3 31 ,x—3::~ x3—2-x2—6-x— 15
polyRemainder {:x3*2 x?—6x—1 5,xf3::~ 24
polyQuotient H:x3—2-x2 —6-x—15,x—3]| x2 +x—3
polyRemainder {:xz +xf3,xf3‘} 9
polyQuotient Hsz +x—3,x—33 x4
polyRemainder {:x+4,x—3:} 7
polyQuotient (x+4,x—3) 1
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“UNIT” POLYNOMIALS

Now put it all together:
f(x) = —46 4 (x — 3)(x® — 2x® — 6x — 15)
a(x)
=—46+ (x —3) (=24 + (x — 3)(x* +x — 3)

= 46— 24(x —3)+ (x —3)? [ x?+x -3
da(x)
= —46 — 24(x — 3) + (x —3)? (9 + (x — 3)(x +4))

= —46 — 24(x —3) +9(x — 3)* + (x —3)* x+4

az2(x)
=—46 — 24(x —3) +9(x —3)® + (x —3)*(7+ (x — 3))
=46 —24(x —3) +9(x —3)? +7(x —3)*+ (x — 3)*

N



“UNIT” POLYNOMIALS

FOR THOSE OF US WHO ENJOY A GOOD CALCULATION

Learning
transforms
lives.
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“UNIT” POLYNOMIALS

Indeed:

taylor x50 43x-14,3)  -46-24-(x—3)+9-{x—3)2+7-[x=3)+{x-3)*
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Let’s figure out the decimal expansions for

1
® 37

©
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Decimal expansions
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Let’s figure out the decimal expansions for
o 1= .142857142857...

©
~ino
Il

.285714285714 . ..

® 3 = 428571428571 ...

o 2 =571428571428 ...
® 2= 714285714285. ..
® 5 =.857142857142. ..
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142857

?) 1.00000000
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60
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45
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.142857 .857142
7 1.00(300000 7 6.00000000

i

N
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FOOD FOR THOUGHT

@ Are there any unit fractions whose decimal expansions
terminate?

@ Are there any unit fractions whose decimal expansions
don’t repeat?

@ What's the longest possible period for the decimal
expansion of 1?

) Whlat are the possible periods for the decimal expansion
of =2



Decimal expansions
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076923 ...

13) 1.000000000
0

100

N
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Decimal expansions
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WE HAVE A THEOREM (SORT OR

The period for the decimal expansion for % is the smallest
power of 10 that leaves a remainder of 1 when divided by n.

If n is not divisible by 2 or 5, the period for the decimal
expansion for % is the smallest power of 10 that leaves a
remainder of 1 when divided by n.
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ERDOS-STRAUS (1948)

: 4
Every fraction of the form = (n > 4)

is the sum of three unit fractions

(verified for all n < 1014
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FROM A PAPER(2010)

ON THE ERDOS-STRAUS CONJECTURE

EUGEN 1. IJONASCU AND ANDREW WILSON

L. INTRODUCTION

The subject of Egvptian fractions (fractions with mumerator equal to one and a positive integer

as its denominator) has incited the minds of many people going back for more than three millennia

and continnes to interest mathematicians to this day. For instance, the table of decompositions of
fractions o= &s & sum of two, three, or four unit fractions found in the Rhind papyrus has been
the matter of wander and stirred controversy for some time between the historians. Recently, in
[, the anthor proposes a definite answer and a full explanation of the way the decompositions
were produced. Our interest in this subjected started with finding decompositions with only a few
unit fractions.
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GAUSs (1801)

There are infinitely many primes p for which

the decimal expansion of % has lengthp — 1
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L TABLE

de fraifions, dont les divifiurs font des nombres premiece, ré

en decimales périodig

— 1): Pt (10 e,

TR94TICN4RT - - i = fig=—_) i

o, 2434781 6006416 52171913 i

y 0344817 RS2 0E R 1724137930 .
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Gauss (in 1801):

“[This] is reduced for the most part to trial and error.”
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PROBLEMS FOR THE FLIGHT HOME

Which sets of three regular polygons can “tile a corner?”
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PROBLEMS FOR THE FLIGHT HOME

@ What is the decimal expansion for ggs5?

@ What's up with this?

9801 — 0.00010203040506070809101112. ..



RESOURCES

@ The Institute for Mathematics and Education
o http://ime.math.arizona.edu/commoncore/
@ Tools for the Common Core
@ http://commoncoretools.me/
@ PARCC Model Content Frameworks
o http://www.parcconline.org/parcc-content frameworks
@ Patterns in Practice Blog
o http://patternsinpractice.wordpress.com/
@ Smarter Balance
o http://www.k12.wa.us/smarter/
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Al Cuoco
Center for Mathematics Education, EDC
acuoco @ edc.org

Slides posted on
http://cmeproject.edc.org/
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